An analytical theory is developed for parametric interactions in metamaterial multilayer structures with simultaneous nonlinear electronic and magnetic responses and with near-zero refractiveindex. We demonstrate theoretically that electromagnetic fields of certain frequencies can be parametrically shielded by a nonlinear left-handed material slab, where the permittivity and permeability are both negative. The skin depth is tunable, and even in the absence of material absorption, can be much less than the wavelength of the electromagnetic field being shielded. This exotic behavior is a consequence of the intricate nonlinear response in the left-handed materials and vanishing optical refractive-index at the pump frequency.
The recent advancement of fabrication technologies has opened up numerous avenues in designing metamaterials, which are composite structures with modified electromagnetic properties. The main thrust of metamaterial design is to push the limits of ever increasing control over the effective material parameters, permittivity, ǫ and permeability, µ. By accessing previously forbidden regions of material parameter-space, many highly unusual electromagnetic properties and fascinating phenomena have been predicted to occur, not to mention the possibility of novel device applications that may not be realized with conventional materials [1] .
It is well known that over certain frequencies, typical metals can reflect electromagnetic (EM) fields and can thus be used as electromagnetic shielding materials. In response to the incident EM field, free electrons in the metal collectively oscillate and generate fields of opposite phase relative to the incident field, leading to an exponential decay of the total fields inside the metal. These evanescent electric (E) and magnetic (H) fields cannot propagate due to the negative sign of ǫ and positive µ, intrinsic to metals at the appropriate bandwidth.
The skin depth, i.e., the distance EM fields drop to 1/e of their surface value, is determined primarily from the frequency of the source, and the corresponding material parameters. If the situation arises whereby a structure possess simultaneously negative effective ǫ and µ, a type of metamaterial referred to as left-handed material (LHM), the EM fields can then propagate inside the material with a negative refraction at the interface, and ideally the system exhibits transparency. Thus, conventional linear LHMs cannot be used to shield electromagnetic fields.
In this letter, we demonstrate that this picture is drastically modified when nonlinearity of the magnetic response is taken into account, creating a controllable shielding effect in LHMs, accompanied by a parametric reflection. Unlike metals, that behave as passive reflectors or mirrors, a nonlinear metamaterial slab can function as an active mirror that changes the incident field frequency upon reflection. We show that the nonlinear-induced skin depth, δ, which is a measure of the shielding strength in LHMs, is tunable and much less than the wavelength, λ, of the EM fields being shielded, even in the absence of material absorption. It is vastly different in conventional metals, where the skin depth is typically fixed and on the order of λ. This shielding effect is the consequence of backward parametric interaction due to the nonlinear magnetic response of the LHM and near-zero refractive index at the pump frequency. Recently, many interesting phenomena associated with near-zero refractive index metamaterials [2, 3, 4, 5] have been reported, such as directive emission [2] and steplike transmission [3] . In the more conventional materials (positive ǫ and µ), also called right-handed materials (RHMs), most nonlinear effects originate from the electronic response. With left-handed materials however, the magnetic permeability is on equal footing and plays a crucial role. A nonlinear magnetic response can indeed arise in LHMs [6, 7, 8] , and exact phase matching can be achieved between forward and backward waves [9, 10] , leading to enhanced second-harmonic generation [11, 12] . In the majority of past works, the nonlinear response was restricted to be either electric or magnetic. Moreover, to simplify the problem, the slowly varying envelope approximation (SVEA) was often used. In this The structure is configured such that the right-handed medium has a nonlinear electronic response, whereas the left-handed medium has a nonlinear magnetic response. The linear permittivity in the RHM, ǫ r , is given by the standard Drude-Lorentz form,
where ω pr is the effective plasma frequency, ω r is a resonant frequency, and γ is the damping factor of the medium. The linear permeability in the RHM, µ r , is constant. In the LHM, the linear permittivity, ǫ l , and permeability, µ l , are similarly described by,
where ω pl is the effective plasma frequency, ω l and ω 0 are the resonant frequencies of the medium, and F is a geometrical filling factor. The parametric interaction is a three-wave mixing process in a nonlinear medium that involves a strong pump beam and two relatively weak beams, the signal and idler. The distinction between signal and idler is arbitrary, just as long as energy and momentum are conserved. In general, due to its dispersive nature, LHM possess left-handed properties only in certain frequency regimes. We assume the signal (ω 1 ) is a negative-index wave, while the idler (ω 2 < ω 1 ) and the pump (ω 3 = ω 1 + ω 2 ) are both positive-index waves. We consider TEM modes propagating along the z-direction as an x-polarized E field and y-polarized H field. In the RHM, the electric field of the signal, E 1 , and idler, E 2 , are thus described by
Similarly, the corresponding magnetic fields in the LHM are given by,
where
m H 3 ), for i = 1, 2, are nonlinear coupling parameters that couple the signal and idler waves. The coefficients, χ (4) can be solved analytically. In particular, we consider metamaterials with near-zero refractive-index at the pump frequency. This approach stems from the fact that the pump photons carry negligible momentum in three-wave mixing processes, and thus forward and backward coupling between signal and idler become dominated in the LHM, leading to enhanced parametric reflection. Although the refractive index is close to zero, the pump can still be coupled into the structure through matched impedance methods or tailoring the waveguide appropriately [4, 5] .
The fields inside each layer are linear superpositions of forward and backward waves.
Each forward and backward wave contains two modes due to the parametric interaction between the signal and idler. The general EM solutions in the nth layer can be succinctly written in terms of the modal fields, Φ (n) qβ (z) (for q = r, l):
in the RHM. For the LHM, we have
The coupling coefficients C 1q and C 2q (q = r, l) are given by
Inserting Eqs. (5) and (6) into the nonlinear wave equation yields the propagation constants β q and η q ,
When the nonlinear parameters κ 1q and κ 2q vanish, the propagation constants β q and η q correctly reduce to their linear counterparts for the signal and idler, i.e. β q = k 1q (signal) and η q = k 2q (idler). Furthermore, the solutions in Eqs. (5) and (6) reduce to linear signal and idler waves. When the nonlinear parameters are non-zero, Eqs. (5) and (6) contain all possible parametric interactions among forward and backward waves between signal and idler. The modal coefficients a
qf η , and a (n) qbη in Eq. (7) can be found by matching boundary conditions that require the continuity of tangential E and H at each interface. The inherent nonlinear boundary conditions can be avoided using Maxwell's equations: H = c/(iωµ r )∂ z E in the RHM, and E = c/(iωǫ l )∂ z H in the LHM. To proceed, we define state vectors in the RHM and LHM: |a r (n) ≡ (a
and |a
The transformation between state vectors occurs via:
, and |a r (n+1) = T l |a l (n) , yielding |a r (n+1) = T l T r |a r (n) . The transfer matrices T r and T l are calculated using the Maxwell relations above. After some tedious algebra, we have, T r = I −1 l P r and T l = I −1 r P l , where,
and,
where, φ q ≡ exp(iβ q d q ), and θ q ≡ exp(iη * q d q ). The generalized impedances in the righthanded and left-handed media at the signal (n = 1) and idler (n = 2) frequencies are
, and η 2q = η q , (q = r, l). Similarly,
The input and output layers are arranged to be RHM, and the signal (ω 1 ) and idler (ω 2 ) waves can be incident from both the right and left sides of the structure, as shown in Fig. 1 . By matching tangential fields at the input and output interfaces, the transmission and reflection can be calculated via,
where (
2L )
T , and the right source, S R , compactly as
T , where the ambient impedances at the frequencies ω 1 and ω 2 for the right and left sides of the structure are, Z iR ≡ (ω i µ iR )/(ck iz ) and
where,
The 2 × 2 submatrices M i (i = 1, 2, 3, 4) arise from the 4 × 4 matrix M ,
where P r and I r are given by Eqs. (9) and (12) . The transfer matrix T expresses the modal coefficients in the Nth layer in terms of the first one: |a (N ) ≡ T |a (1) .
In the following, we consider the pump wavelength to be operating at λ 3 = 1.2 µm (corresponding to n 3 ≈ 0), and take F = 0.77, ω 0 = 120 THz, ω pl = 300 THz, ω pr = 150 THz, ω r = 200 THz, ω l = 120 THz, and γ = 0. We begin by investigating parametric reflection and transmission through a single slab of nonlinear LHM. Figure 2 shows the transmission and reflection normalized to the incident electric field at the idler wavelength, λ 2 = 3.6 µm. There is no signal frequency at the input; the signal is generated inside the stack due to the nonlinear effect of the materials. Thus, the signal reflection (E 1 ) exhibited in the plots implies backward transmission. The frequency of the signal, ω 1 , is determined by the frequencies of the idler and pump via energy conservation, ω 1 = ω 3 − ω 2 , yielding To demonstrate electromagnetic shielding, we now consider a three-layer structure composed of RHM sandwiched between two layers of LHM. An electromagnetic field at the idler wavelength λ 2 = 3.6 µm is incident from both sides of the stack. Shown in Fig. 3 are the intensities of the electric (top panel) and magnetic (middle panel) fields normalized to the input electric field. The z component of the Poynting vector inside the stack for the signal and idler is also shown in the bottom panel. As before, there is no signal frequency at the input; the signal is generated inside the stack where the backward parametric interaction between the signal and idler in the negative-index layer leads to an exponential decay from the input interfaces. After a slight penetration, the electromagnetic fields are virtually zero.
Thus, a nonlinear negative-index layer can be used as a parametric mirror that changes fre- |ǫ 2l µ 2l | ,
showing explicitly that δ is inversely proportional to the pump field strength. The dramatic effects of the nonlinear shielding vanish if the nonlinear magnetic response of the LHM is zero, as exhibited in Fig. 4 , where the same quantities as those in Fig. 3 are plotted except with χ (2) m = 0. The top two panels of Fig. 4 show that the electromagnetic fields are significant inside the stack. The bottom panel shows the Poynting vector, where the signal generated in the nonlinear RHM (the middle section from 0.5 µm to 2 µm) propagates straight through the linear LHM (the two end sections) without idler interaction. The small but finite energy flow arises from the nonlinear effect in the RHM. For a purely linear structure, a signal wave cannot be generated, and the idler becomes a standing wave with net zero power flow inside the stack due to oppositely directed input fields with identical amplitudes. This work is supported by NAVAIR's ILIR program sponsored by ONR.
